The notions of the SMARANDACHE GROUP and the 
SMARANDACHE BOOLEAN RING 


D. “Satubdar. 
Deptt. of Mathematics 
Nalbari College, Nalbari 
Assam, India 


The notions of the Snmarandache group and the Smarandache Boolean ring are intro- 
duced here with the help of group action and ring action i.e. module respectively. The centre of 
the Smarandache groupoid is determined. These are very important for the study of Algebraic 


structures. 
1. The centre of the Smarandache groupoid : 


Definition 1.1 


An element a of the smarandache groupoid (Zp, A ) is said to be conjugate to b if there 
exists rin Zp such that a=rAbAr. 


Definition 1.2 


An element a of the smarandache groupoid (Zp, A ) is called a self conjugate element of 
Zpif a=rAaAr forallre Zp. 


Definition 1.3 


The set Zp* of all self conjugate elements of (Zp, A ) is called the centre of Zp i.e. 
Zp*={ae Zp:a=rAaArVre Zp}. 


Definition 1.4 


Let (Z,, +,) bea commutative group, then Z,={ 0, 1, 2, 3, 4, 5, 6, 7, 8 }. Ifthe elements 
of Z, are written as 3-adic numbers, then 

Z,, = { (00), (O1),, (02), (10), (11), (12),, (20),, (21)5, (22); } 
and (Z,, A ) is a smarandache groupoid of order 9. Conjugacy relations among the elements of 


2 are determined as follows : 
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OAQ0DA0D=0 
1A0A1=0 
ZADAZ=0 
3A0A3=0 
4A0A4=0 
SAQ0A5=0 
6A0A6=0 
TAQAT=0 
8A0A8=0 
OASAOD=5 
LAS A+ S3 
25 253 
SASA3=5 
4ASA4=3 
SASAS=5 
6A5A6=5 
LSAT a3 
8ASA8=5 


OAILAO0O=1 
LALA L=41 
2A1A2=1 
3A1A3=1 
4A1A4=1 
SATAS=1 
6A1A6=1 
TALAT7=1 
8AI1A8=1 
OA6A0=6 
1A6A1=6 
2A6A2=6 
3A6A3=0 
4A6A4=0 
SA6A5=0 
6A6A6=6 
TAGAT=6 
8A6A8=6 


GCA24.0=2 
1A2A1=0 
2ZA2 ARDS 2 
SAZAB=Z 
4A2A4=0 
SAZ ASH 2 
CAZAG=2 
TA2ZA7T=0 
8A2A8=2 
CATAD=7 
LATA LS 7 
2A7TA2=7 
3A7A3=1 
4A7A4=1 
SAT AS =] 
6A7A6=7 
TATAT=7 
8ATA8=7 


Here Z,* = { 0, 1, 3, 4 }, the set of all self conjugate elements of Z, is called the centre 


of (Z,, A). Again (Z,*, A) is an abelian group. 


D-form of the Smarandache groupoid (Z,, A) is given by D, = { 0, 2, 6, 8 }. Again 


SAAS 
4A3A4 
SAGAS 
6A3A6 
TAZAT7 
8A3A8 


OA8A0D= 
1A8A1=6 
2A8A2= 
SASASHZ 
4A8A4= 
SASAS= 
6A8A6= 
TABAT= 
8A8A8= 


OAZA0= 
BAS ASS. 
24342= 3 


3; OA4A0=4 
1LA4A1=4 
2A4A2=4 
3A4A3=4 
4A4A4=4 
SA4A5=4 
6A4A6=4 
TA4AT=4 


8A4A8=4 
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(D,, A) is an abelian group. The group table (2) and group table (3) are given below. 


From table (2) and table (3); it is clear that (Z,*, A) and (D,, A) are isomorphic to each other. 


Definition 1.3 


The groups (Zp*, A) and (D, sohZpy A) of the Smarandache groupoid (Zp, A) are isomor- 


phic to each other. 
Proof is obvious. 
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Table - 3 


2 The Smarandache group : 


To introduce the Smarandache group, we have to explain group action ona set. Let A be 
a group and B a set. An action of A on B is a map, B x A > B wnitten (b, p) > b A P such that 
i) for every p,q € Aand be B, we have 
((b, p), J =((DA p)Aq)=(DAp)Aq=bA(pAq) 
and il) for every b € B, we have (b,0)=bA0=b 
where 0 denotes the identity element of the group A. 
If a group A has an action on B, we say that B is a A-set or A-space. Here in this paper 
we Shall use B(A) in place of “B is a A - space”. . 


Note : 

If B is a proper subgroup of A, then we get a map A x B — A defined by 
(a,b) ~aAbe A. This isa group action of B on A. Then we say that A is a B - set or B - space 
i.e. A(B) is a B - space. In this paper, by proper subgroup, we mean a group contained in A, 
different from the trivial groups. 


Definition 2.1 
The smarandache group is defined to be a group A such that A(B) is a B - space, where 
B is a proper subgroup of A 


Examples 2.2 

i) The D - form of (Zp, A) defined by 
Doggie {re Zp:rA C(r) = Sup(Zp)} =A is a Smarandache group. IfB isa 
proper subgroup of A, then the action of B on A is the map, A x B — A defined 
by (a, q)=aAq for allae Aand qe B. This action is aB - actioni.e. A(B) isa 
B - space. 

il) The centre of (Zp, A) defined by 
Zp*={ae Zp:a=rAaAr Wre Zp}=AisaSmarandache group. IfB be 
a proper subgroup of A, then the action of B on A is the map, A x B — A defined 
by (a, p)=aAp forallae A and for all p € B. This action is a B - spacei.e. A(B) 


is a B - space. 


ili) The Addition modulo m of two integers r = ( a, ,8., ------------------ a,a,)_ and 
S102 Dig eaeeaeate b,b,). denoted by /+_\ and defined as 

HANS =a 5 we as Jaa) EAD DL ae ox Dib). 
= (24 Ab 2 fo. ae ax, AP yay, Bye 
(0.6%: as ux Ee )s.. where: C= ast Vb. fori 0.1 02)2.. nel. 
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The group (Zp, /+_\) is a Smarandache group. The group (Zp, /*)) contains a proper 
subgroup (H={0,1,2,3, .. 2. ... pel}, 4,\) 

Then the action of H on Zp is the map Zp x H — Zp defined by (a, r)=a/+,\r for all 
aé Zp and for all r € H. This action is a H - space i.e. Zp(H) is a H - space. 


iv) The set Z.2= { 0,1, 2,3, 4,5, 6,7, 8,9,10, 11, 12, 13, 14, 15 } can be written as 
Z,,= {(00), (0), (02), (03), (10), (UN)y (12), (13), 20), (21), (22), 
(23), (30), 31)y G2), (33), } 
is a smarandache group under the operation /+,\ and its group table is as follows: 


6 71/8 9 10 11f 12 13 14 #15 
6 7 
7 4 
4 


1 
2 
3 
0 
5 
6 
7 
4 
9 


peas 
(on) 


BR OER ON MINES yy 
peal 
"1 


Table - 4 

From above group table, it is clear that (H = { 0, 1, 2, 3, 8, 9, 10, 11 }, + \Visa 
subgroup of (Z,,, /+,\). Then the action of H on Z,, is the map Z,, x H > Z,, defined by 
(ar)=a/t\r forallae Z,, and forallre H. This action is a H - space i.e. Z,.(H) is a H - space. 
Here (K = { 0, 1,2, 3 }, /+,\) be a subgroup of (H, /+,\). Then the action of K on H is the 

map, H x K > H defined by (0, p) = b/+,\p for all b € H and for all p € K. This action is a K - 
space i.e. H(K) is a K - space. Hence H is a Smarandache group contained in the Smarandache 


group Z,,. So it is called the Smarandache sub-group. 
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3. The Smarandache sub-group : 


Definition 3.1 
The smarandache sub-group is defined to be a smarandache group B which is a proper 
subset of smarandache group A (with respect to the same induced operation). 


4, Smarandache quotient group : 
Let (H, A) be smarandache subgroup of the Smarandache group (B, A), then the quotient 
group */,= V is defined as smarandache quotient group such that V(K) is a K - space, where K 
is a proper subgroup of V i.e. the group action of K on V is a map V x K — V, defined by 
(HAa),HAp)=(HAa)A(HAp) forall HAae V and HApeK 


2: Smarandache Boolean ring : 


Definition 5.1 


The intersection of two integersr=(a.a, .. ... aa,) and 
n-1 n-2 i~0%m 
s=(b_b., .. ..  b,b,), denoted by r Ms and defined as 
PAS At De. ee ct ACD ary B) 
= (Co .2 re C.C,) 
where.¢.= 4.71 b:= min (a,b) dor 150,152) ca. ae satel 


If the equivalence classes of are expressed as m - adic numbers, then with binary opera- 
tion © is a groupoid, which contains some non trivial groups. This groupoid is smarandache 


groupoid. Here (Zp*, A, M) and (Z, 


gee) ) are Boolean ning. 


Definition 5.2 

The smarandache Boolean ring is defined to be a Boolean ring A such that the Abelian 
group (A, A) has both left and right B - module, where B is a non trivial sub-ring of A. 

From above, we mean an Abelian group (A, A) together with a map, B x A > A, written 
(b, p)=b Ope A such that for every b, ce B and p, qe A, we have 

i) BA (PAg)=(BNP)AONA|) 

ii) (bAc)ANp=(bNp)A(CCAp) iii) (OAC Ap=bA(cCAp) 

Again from the map, A x B — A, written (p, b) = p 1b € A such that for every 
p,qe Aandb, ce B, we get 

i) (pAq) Nb=(pmb) 4 (qb) 

ii) pa(bAc=(pNdb)A(PNc) iii) pA(bAc)=(pNb)Ac 
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Definition 5.3 
The smarandache Boolean sub-ring is defined to be a smrandache Boolean ring B which 
is a proper subset of a Smarandache Boolean ring A. (with respect to the same induced operation). 


Definition 5.4 

The smarandache Boolean ideal is defined to be an ideal B of Smarandache Boolean ring 
A such that the Abelian group (C, A) has both left and right B - module, where C is a proper 
subset of B. From above we mean an Abelian group (C, A) together with a map, C x B>C 
written (c, p)= C AP € C such that this mapping satisfies all the postulates of both left and nght 
B - module. 


Examples 5.5 
Let (Z,.., +...) be an Abelian group, then Z 


256? 236 


eee OM Diino, . ate: Lys ne 
elements Z,., of are written as 4 - adic numbers, then 

Z.,5¢ = { (0000),, (0001),, (0002),, (0003),, (0010), .. eg (3333), }and 
A) is a smarandache groupoid of order 256. The centre of (Z,.., A) is 

Z’ 14g = { 0, 1, 4, 5, 16, 17, 20, 21, 64, 65, 68, 69, 80, 81, 84, 85 }. Here (Z" 
a Smarandache Boolean ring and its composition tables are given below : 
16 17 64 65 68 69] 80 81 84 85 
65 64 69 68] 81 80 85 84 
68 69 64 
69 68 65 


(Z 


256? 
A, A) 1s 


256? 


17 16 
za 
20 


Table - 5 
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5 68 69; 80 81 84 85 
0 0 0} 0 0 0 


4 
0 
0 
4 
4 
0 
0 
4 
4 
0 
0 
4 
4 
0 
0 
4 
4 


Table - 6 


Some smarandache Boolean sub-rings of (Z’,.., A, M) are given below : 


256? 
i) H, = (0, 1, 4, 5, 16, 17, 20, 21 } 

H, = (0, 1, 4, 5, 64, 65, 68, 69 } 

H, = { 0, 1, 4, 5, 80, 81, 84, 85 } 

H, = { 0, 5, 16, 21, 64, 69, 80, 85 } 

H, = { 0, 1, 16, 17, 64, 65, 80, 81 } 

H,={0,1,4,5} 

H, = (0, 1, 16, 17} 

H, = { 0, 1, 64, 65 } 

H, = { 0, 1, 80,81} ete. 


Here smarandache Boolean subrings H,, H,, H,, H., H, are ideals of (Z’,,., A). 
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